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ABSTRACT
The concept of the aggregate production function, together with it
supposedly being a test of the neoclassical marginal product theory of
distribution, is now central to much of neoclassical macroeconomic
theory. Severe criticisms of this concept that include the Cambridge
Capital Theory Controversies and the aggregation problem are now
simply ignored. The reason is that estimates of the Cobb-Douglas and
the Constant Elasticity of Substitution (ces) production functions,
inter alia, give good statistical fits with the estimated output elas-
ticities being often close to their factor shares. However, the reason
for this is that in both cases all that is being estimated is merely the
mathematical transformation of an accounting identity. As such, it
has no economic implications and, in particular, says nothing about
“the laws of production”. This analysis considers this criticism of the
aggregate production function. In particular, it revisits and extends
the criticisms made of Solow’s (1957) model of technical change
and the use of the aggregate production function. It is shown that
Solow’s (1974; 1987) defence of the aggregate production function
is not convincing. The ces production function is also shown to be
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simply a transformation of the accounting identity and, consequently,
also has no economic implications.

Keywords: Aggregate production functions, accounting identity.
JEL Classification: B5, O4.

LA FUNCION DE PRODUCCION AGREGADA:
UNA CONSIDERACION DE ALGUNOS PROBLEMAS EXISTENCIALES
RESUMEN
El concepto de la funcién de produccion agregada, junto con el su-
puesto de que se trata de una prueba de la teoria de la distribucion
del producto marginal neoclasica, ahora es fundamental para gran
parte de la teoria macroecondmica neoclasica. Las severas criticas a
este concepto, que incluyen las controversias de la teoria del capital
de Cambridge y el problema de agregacion, hoy dia simplemente
son ignoradas. La razon es que las estimaciones de las funciones de
produccién Cobb-Douglas y la elasticidad constante de sustitucion
(ECS), inter alia, dan buenos resultados estadisticos en los que las
elasticidades producto estimadas con frecuencia se aproximan a
las participaciones de los factores. Sin embargo, la razon de esto es
que en ambos casos todo lo que se esta estimando es meramente
la transformacion matematica de una identidad contable. En tal
sentido, no tiene ninguna implicacién econémica y, en particular,
no dice nada acerca de “las leyes de la produccién”. El presente
analisis considera esta critica de la funcién de produccién agregada.
En particular, revisa de nuevo y extiende las criticas hechas al mo-
delo de Solow (1957) del cambio técnico y el uso de la funcién de
produccién. Se demuestra que la defensa de Solow (1974; 1987)
de la funcién de produccion agregada no es convincente. Se de-
muestra también que la funcién de produccién Ecs es una simple
transformacion de la identidad contable y, en consecuencia, no
tiene ninguna implicacién econémica.
Palabras clave: funciones de produccién agregadas, identidad
contable.
Clasificacion yeL: B5, O4.
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1. INTRODUCTION

neoclassical macroeconomic concepts and has a history of its

statistical estimation dating back over nearly a century to Cobb
and Douglas’s famous paper of 1928. Its theoretical origin may be traced
back even further to Wicksell in 1896 (see Samuelson, 1979, p. 296, fn.
2). However, its foundation as the neoclassical explanation of economic
growth largely stems from Solow’s (1956) use of the aggregate production
function in his well-known theoretical growth model. Also extreme-
ly influential was Solow’s applied use of his model in his 1957 paper,
“Technical Change and the Aggregate Production Function”. This gave
rise to the “growth accounting approach’, which attempts to quantify the
contributions of various economic factors to overall economic growth.
See, for example, Denison’s (1967) pioneering study.

Although now widely and uncritically used, it is not an understate-
ment to say that the concept of the aggregate production function has
been a source of controversy ever since Cobb and Douglas’s (1928)
original publication (McCombie, 1998). Nevertheless, Solow (1957,
p- 312) in his pioneering paper on economic growth began with the
famous introduction:

The aggregate production function is one of the most widely used

In this day of rationally designed econometric studies and super-input-out-
put tables, it takes something more than the usual “willing suspension of
disbelief” to talk seriously of the aggregate production function. But the
aggregate production function is only a little less legitimate a concept than,
say, the aggregate consumption function, and for some kinds of long-run
macro-models it is almost as indispensable as the latter is for the short-
run. As long as we insist on practicing macro-economics we shall need
aggregate relationships.

However, even a few moments consideration is sufficient to demon-
strate how implausible is this view, even though it is now widely ac-
cepted. The aggregate production function, including the ubiquitous
Cobb-Douglas and the more flexible Constant of Elasticity of Substi-
tution (CEs) [Arrow et al., 1961] ideally should describe an aggregate
relationship between output and the corresponding inputs measured
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in physical terms. This is a relationship that is essentially what may be
described as an “engineering production function”.

But the production function is universally specified in terms of con-
stant-price monetary terms for both output (value added) and the capital
stock. However, as we shall show, this undermines the whole concept of
the aggregate production function, both theoretically and empirically.
In many ways this argument can been seen as rather nihilistic, as it
shows how tenuous (and indeed some would say meaningless) are the
foundations of the supposed aggregate production function.

The problem of the generally uncritical acceptance of the aggregate
production function, perhaps not surprisingly, starts with both the macro-
economics and the microeconomics textbooks. Students are introduced
to a simple and uncritical example of a micro-production function in, for
example, the introductory textbook of Mankiw and Taylor (2008, p. 64).
Here, the authors give a specific example of a bakery. The output of the
bakery is the number of loaves produced, the kitchen and the equipment
are its capital and the workers are its labour. All these are physical concepts.
A legerdemain occurs later in the book on page 72, where the aggregate
production function for the whole economy is suddenly introduced. But,
crucially, here the output and the capital input are all measured in value
and not in physical terms, as in the bakery example. This change in meas-
urement, important though it is, is not commented on in the textbook.

Clearly, a problem is that it is not possible to sum either the various
outputs produced in the economy in physical terms or the physical capital
inputs used in the production process. The same argument occurs for
labour of different abilities and skills, but this is also generally ignored
in the literature. However, the student is not usually made aware of
the importance of this distinction between value and physical terms. The
question also arises as to where are the intermediate inputs in the pro-
duction function? In the above example, this includes the flour for the
loaves. Using value data, it is conceptually a relatively straightforward
matter to deduct the value of materials from the value of output to give
value added. However, this procedure is not possible with physical
data. But let us ignore this question as do most economics textbooks.
Nevertheless, see Moseley (2015) for an incisive discussion of this short-
coming, especially with respect to some intermediate microeconomics
textbooks, and its implications.
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This slight of hand of using value data for physical data becomes impor-
tant in our subsequent analysis and critique of the aggregate production
function. Robinson (1970), in her review of Ferguson’s The Neoclassical
Theory of Production and Distribution (1969) and Ferguson (1971), in
his reply, agreed (and this is about the only thing they did agree on) that
theoretically production functions should be specified in heterogeneous
physical terms. Cobb and Douglas (1928) make the same point at the
beginning of their seminal paper. However, constant-price value data
have to be used in any empirical analysis for measuring the output and
the capital stock. Cobb and Douglas (1928) wrote that “The progressive
refinement during the recent years in the measurement of the volume
of physical production in manufacturing suggests the possibility of at-
tempting (1) to measure the changes in the amount of labor and capital
which have been used to turn out this volume of goods, and determine
what relationships existed between the three factors of labor, capital, and
product” (Cobb and Douglas, 1928, p. 139, italics added)".

The reason for the use of value data is straightforward. How do
you aggregate, say, the capital inputs of factory floor space and forklift
trucks in physical terms? As Robinson (1953-4) repeatedly pointed out,
how would it be possible even start to include individual capital goods
as separate physical measures (pints, tons, numbers) in a production
function. It is thus a self-evident necessity to use value terms, faute de
mieux, but it is this more than anything that undermines the concept of
the aggregate (or indeed the firm) production function, as will be seen.
Even if there were detailed figures in physical terms for the blueprints
of the various outputs of an office or a factory, how would one even
conceptually measure the degree of substitution between a very small
increase in, say, the number of square meters of factory or office floor
space with respect to a small change of employees?

In fact, what would probably be found is that with the increase in
floor space, the number of employees would increase pari passu as the

1 Cobb and Douglas (1928) repeatedly refer to output being measured as a“physical volume
of production” using Day and Person’s (1920) figures. However, while Day used physical
measures for individual manufacturing categories, these indices were aggregated using
1909 prices. Consequently, the aggregate index of production used is a constant-price
value measure.
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output increased. In other words, the physical relationship between the
workers and the physical measure of office or factory space is likely to be
one of fixed coeflicients. However, the elasticity of substitution between
information technology and, say, accountants is likely to be high. There
have been only a very small number of studies of engineering production
functions, but these have been for very narrowly defined processes, such
as ploughing, wood working and oil transportation. See, for example,
the survey of Wibe (1984).

If the whole economy is considered, what about the approximate 80
percent of Gross Domestic Product (Gpp) where there is no physical
measure of output at all? This is true of valuations of, for example, the
output of government expenditure where the value of output is usually
defined as the value of the inputs (wages and the cost of capital) with
either no, or an arbitrary, allowance for productivity gains. There are
also various methods employed to deflate the current price values, the
procedures of which differ to a certain extent between countries. For
a detailed consideration of measuring UK government output and its
limitations, see Atkinson (2005).

Haldane, Brennan, and Maduros (2010) point to the insuperable
problems of measuring the output of the finance sector. As they point
out “According to the National Accounts, the nominal gross value-added
(Gva) of the financial sector in the UK grew at the fastest pace on record
in 2008Q4 (...) At a time when people believed banks were contributing
the least to the economy since the 1930s, the National Accounts indicated
that the financial sector was contributing the most since the mid-1980s”
(Haldane, Brennan, and Maduros, 2010, p. 88).

The durability of the Cobb-Douglas (and the cEs) aggregate production
function as an empirical relationship is in itself surprising. The structures
and methods of production have changed out of all recognition over the
last hundred years or so. When Cobb and Douglas were writing in 1928,
manufacturing, and indeed the economy itself, was dominated by heavy
industry and industrial factories producing, for example, steel, motor
vehicles, railways, and such consumer products as tobacco. These had
all greatly expanded in the US in the so-called “Roaring Twenties”. This
period saw the shift from highly-skilled artisans to the factory system
with increased mechanization. Today, production is dominated by such
corporations as Netflix, Amazon, and Apple. There has been a revolution
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in the production process, with the rise of the importance of intangibles,
artificial intelligence, the internet and the development of what has been
termed Capitalism Without Capital (Haskel and Westlake, 2017). See also
Corrado et al. (2022). Yet, the functional forms of the Cobb-Douglas
and the cEs are still used and paradoxically, and perhaps surprisingly
to some, still give good statistical fits to the data. The reasons for this
are discussed below.

The aggregate production function, while generally accepted by
neoclassical macroeconomists, has had its serious critics in the past.
These include those who have shown that the conditions for successful
aggregation of micro-production functions are so restrictive as to make
the aggregate production function a non-event. Then there were also
the Cambridge Capital Theory Controversies between Cambridge, UK,
and Cambridge, Massachusetts, that started in the early 1950s and more
or less petered out in the mid-1970s. While Cambridge, UK, raised se-
vere and largely unanswered criticisms about the aggregate production
function, these are now subsequently ignored and largely forgotten by
neoclassical macroeconomists (Birner, 2002; Cohen and Harcourt, 2003).

While these criticisms will be touched on, we shall outline what we
see as a more fundamental critique that shows that the foundations of the
aggregate production function are so tenuous as to make its use literally
a nonsense. Given the widespread use, and indeed acceptability, of the
aggregate production function in macroeconomics, it is appreciated that
this may take some doing. But the argument is deceptively simple, and for
reasons that will become quickly apparent, it is termed the “accounting
identity critique” or simply the “accounting critique”.

2. THE AGGREGATION PROBLEM AND THE CAMBRIDGE CAPITAL THEORY
CONTROVERSIES

The major problem, as has been argued above, with the aggregate pro-
duction function, is the implausibility of regarding a physical measure
of aggregate output, at the industry or whole economy level, as being
adequately proxied by a constant-price series of value added. The same
goes for the proxying of the stock of physical capital by its constant price
value calculated by using the perpetual inventory method. However,
even if one does make this heroic assumption, there is still the problem
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as to whether or not production functions of identical measures of
output, capital and labour can be aggregated to give a single aggregate
production function. There is now a considerable literature on the ag-
gregation problems that stretch back to the 1940s. (See Walters, 1963;
Fisher, 1969; Felipe and Fisher, 2003; 2006; 2008). There is not space to
discuss this technical literature here. The damaging implications of the
aggregation problem have been usefully summarised by Fisher (2005,
p- 490) as follows:

e Except under constant returns, aggregate production functions are
unlikely to exist at all.

e Even under constant returns, the conditions for aggregation are so very
stringent as to make the existence of aggregate production functions a
non-event. This is true not only for the existence of the capital stock but
also for such constructs as aggregate labor or even aggregate output.

e One cannot escape the force of these results by arguing that aggregate
production functions are only approximations. While, over some restricted
range of the data, approximations may appear to fit, good approxima-
tions to the true underlying technical relations require close approxi-
mation to the stringent aggregation conditions, and this is not a sensible
thing to suppose.

It should be emphasised that these conclusions apply even when
the outputs and inputs are assumed to be homogeneous and physical
entities. Blaug (1974, pp. 5-18) also provides a succinct summary of the
problems facing the aggregate production function in his commentary
on the Cambridge Capital Theory Controversies. Blaug (1974, p. 17,
omitting footnotes) sums up the position as follows: “The concept of
an economically meaningful aggregate production function requires
much stronger and much less plausible conditions than the concept of
an aggregate consumption function’. And yet, undisturbed by Walter’s
[1963] conclusions or Fisher’s [1992] findings, economists have gone on
happily in increasing numbers estimating aggregate production functions
of even more complexity, barely halting to justify their procedures or to

2 Here Blaug differs from Solow (1957), as evidenced by Solow’s quotation above.
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explain the economic significance of their results” As long ago as 1963,
Walters (p. 11) concluded that “After surveying the problems of aggre-
gation one may easily doubt whether there is much point in employing
such a concept as an aggregate production function”

A notable critic of the aggregate production function was Joan Rob-
inson, but the accounting critique has nothing at all to do with the Cam-
bridge Capital Theory Controversies. In fact, Robinson herself seemed
later to play down the Controversies in, for example, “The Unimportance
of Reswitching” (Robinson, 1975). Yet she saw the importance of an
argument by Phelps Brown (1957) that formed one of earlier post-war
expositions of the accounting critique and which is discussed below.
Nevertheless, it is fair to say that Phelps Brown’s paper, apart from leading
to Robinson’s comment, did not have any great immediate effect on the
profession’. Likewise, Samuelson (1979, p. 929 and pp. 932-934), in a
paper commemorating Douglas’s work, also touched on the accounting
critique, but did not take it to its logical conclusion. But probably the most
notable critic at the time was Simon who thought it of such importance
as worthy of mentioning it in his Nobel Prize lecture (1979a, p. 497).

Simon was, of course, a distinguished polymath and not a product
of the neoclassical macroeconomics paradigm. He had read the early
criticisms of the Cobb-Douglas production function including, especially,
Reder (1943), Bronfenbrenner (1944), Marschak and Andrews (1944),
Phelps Brown (1957) and Arrow et al., (1961). In 1963 he was one of
the first, with Levy, to prove mathematically that the Cobb-Douglas
production function was nothing more than a transformation of a linear
accounting identity (Simon and Levy, 1963). As such the production
function says nothing about the “laws of production”. Simon’s (1979b)
paper is still one of the best short introductions as to why neoclassical
production functions, both the Cobb-Douglas and the cEs, are spurious.

3 The entry on Phelps Brown in the New Palgrave Dictionary of Economics did not even
cite the paper (Routh, 2008). Moreover, Phelps Brown (1996), himself, in an autobiogra-
phical note did not mention it. See also Falkus (1996) who also followed suit. An exception
is Riach (2019, abstract) in his entry on Phelps Brown in the Palgrave Companion to LSE
Economics which recognised that Phelps Brown “provided a devastating critique of the
Cobb-Douglas production function”
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Also of particular importance was a note by Shaikh (1974) criti-
cising Solow’s famous (1957) paper on applied economic growth and
the aggregate production function. This paper of Solow is very much the
empirical counterpart to his famous 1956 theoretical paper on neoclassical
growth theory. Shaikh’s note was somewhat polemical in style, with the
title “Laws of Production and Laws of Algebra: The Humbug Production
Function”. Solow’s (1974) response was to dismiss the arguments out of
hand. This was a view reiterated in Solow’s (1987) “Second Thoughts on
Growth Theory”. However, evidence is presented below that, perhaps
remarkably, the arguments in neither of Solow’s papers are particularly
convincing nor stand up to carefully scrutiny. Shaikh was fundamentally
correct in his criticisms of Solow’s (1957) famous paper. This debate is
discussed below.

3.THE ACCOUNTING IDENTITY CRITIQUE AND THE AGGREGATE
PRODUCTION FUNCTION

The crucial flaw with the neoclassical aggregate production function
is the necessity of using constant-price value data together with an
accounting identity obtained from the National Income and Product
Accounts (NIPA) or, say, the Census of Manufactures. This identity is
given by the equation:

Q; =w,L, +1,K, [1]
Qs value added, w is the average wage rate, L is the labour input, r is the
average rate of profit and K is the value of the capital stock. These data
are readily available for Gpp and industry and services at the 2-digit,
and often, at the 3-digit and 4-digit Standard Industrial Classification
level. Equation [1] is available for both different industries (denoted by
i) and different years (f).

It is worth emphasising again that equation [1] is an identity, that is to
say it is true by definition and it is not a behavioural relationship, i.e., one
that can be refuted or proved wrong. The fundamental problem is that
a mathematical transformation of the accounting identity can be used,
which makes no economic assumptions, to derive something that looks
like a neoclassical aggregate production function, but which is clearly not.
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For example, if this accounting equation for an industry is differen-
tiated and then integrated, a relationship is obtained that is exactly the
same as a Cobb-Douglas production function or, under certain well-
known assumptions, resembles a CEs production function. The latter is
discussed below.

To see this, differentiating equation [1] for an industry with respect to
time at a specific time, t = ¢, gives the accounting identity in growth rates as:

o~ o~ A~

Q =aw, +(1-a)r, +aI: +(1—a)I/€t (2]

where a circumflex denotes an exponential growth rate. The parame-

ters a and (1 — a) are labour’s and capital’s share of output respectively,

measured at t'and the growth rates are also evaluated at this time.
Equation [2] may be integrated and expressed equivalently as:

_ a_(l-a) ya ~(1-a)
Qt =ECW, T Lth [3]

where ¢, =a™*(1-a)" and is the constant of integration. It should
be noted that equation [3] is not an approximation for the accounting
identity. It is an exact relationship, or isomorphism, that holds precisely
for the base year when the differentiation is undertaken, i.e., at t = t'. See
McCombie (2011, pp. 176-177), who explicitly confirms this using UK
total manufacturing statistical data. It is simply a “distribution function”
rather than a “production function” As will be seen, equation [3] gives a
very close approximation for other years. If the growth of the wage rate
and the rate of profit, each weighted by its factor share (i.e., aw +(1—a)r)
is constant and equal to A, then equation [3] may be written as:

Q, = Ae" LK™ [4]

When the weighted growth rates of wages and the rate of profit are
not constant, this gives:

A d, a —a
QterI LK™ (5]

Consequently, what is termed by Solow as technological change is
nothing more than, by definition, the growth of the wage rate and the
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rate of profit each weighted by its factor share. It does not necessarily
have anything to do with the pace of technical change and to term it so,
as Solow (1957) inter alios does, has led to a fundamental misunder-
standing as to its interpretation.

The above argument follows through when cross-sectional data (ei-
ther for individual firms, states or regions). The accounting identity is
given for a firm by:

— a, (1-a) ya p(1-a)
Qi SECWi T Li Ki [6]

where ¢, is again the constant of integration. If the weighted wage rate
and rate of profit do not vary greatly across firms, or at least compared
with the variation in L; and K, this gives:

Q = ALK [7]

In other words, equation [7] is merely another way of writing the
accounting identity.

More generally there is the more flexible cs and translog production
function, which equally suffer from the same problem. These relation-
ships tell us nothing about the underlying technology of the economy.
This bold assertation will be justified below, but for the moment, the
history of how this fundamental criticism developed and was ignored
by nearly all neoclassical macroeconomists will be discussed.

As already mentioned, an early criticism of the Cobb-Douglas function
was that of Phelps Brown (1957). Our argument extends Phelps Brown’s
approach. Nevertheless, Robinson (1970, p. 317) saw the potential im-
portance of the argument. “It must have needed an even tougher hide
to survive Phelps Brown’s article entitled “The Meaning of the Fitted
Cobb-Douglas Function’ than to ward off the Cambridge Criticism of
the marginal productivity theory of distribution” (omitting a footnote).
The most important point to note again is that all empirical specifications
of the aggregate production function have, in practice, output measured
in constant-price value added as well as the stock of capital measured in
constant-price terms.

Phelps Brown’s (1957) argument is relatively straightforward. He
noted in a critical assessment of Cobb and Douglas’s (1928) paper, con-
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stant-price value added is given by an accounting identity for a specific
firm or industry. Alternatively, as we have noted above, the data may
be given as a time series.

As has been seen, the data are summed arithmetically to give:
Q, =w,L, +1, K,, where Q is value added, w is the average wage rate, L
is the labour input, r is the rate of profit (a pure number) and K is the
constant-price value of the capital stock. The subscript i denotes the ith
firm. The Cobb-Douglas production function needs no introduction. For
cross-sectional data for firms it is given by equation [7]. Increasing or
decreasing returns putatively can be included by specifying (1 - a) as b
and determined by the values of (a + b). But the underlying accounting
identity given by equation [1], and hence as equation [3], shows the
coefficients must by definition sum to unity.

If equation [1], the identity, is differentiated with respect to, say L,
the following is obtained:

9Q —w, 8]
OL.

1

This, of course, is not the marginal product of labour, as it is derived
from an identity.

Similarly, if equation [7], the putative Cobb-Douglas “production
function” is partially differentiated with respect to L, the following is
obtained:

Q_.Q

oL. 'L

1 1

[9]
which, from equation [8] equals w; and it follows that the following

must hold:
a, = [W’—L’] [10]
Q

It should be noted that the second-order derivatives of equations
[1] and [7] are not the same, but as will be seen, this does not affect the
argument.
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As Phelps Brown (1957, p. 557) put it, “The Cobb-Douglas [a;], and
the share of earnings, will be only two sides of the same penny”.

The implicit argument here is that it is solely the accounting identity
that is responsible for the apparent condition that the marginal produc-
tivity of labour equals the wage rate. The argument also applies equally
when time-series data is used. Samuelson (1979, p. 929), in his tribute to
Douglas mentioned that when, as a postgraduate student, he estimated
the “inadmissible form” of Q = b L + b,K using Cobb and Douglas’s data®,
he, not surprisingly, got the same value of the multiple correlation coef-
ficient, namely R = 0.97, that Douglas got for the Cobb-Douglas form.
Samuelson also commented that when the cross-industry specification
that is given by the multiplicative form is estimated to determine whether
the output elasticities sum to unity “that result tends to follow purely
as a cross-sectional fautology base on the residual computation of the
nonwage share” (Samuelson, 1979, p. 932, emphasis in the original).
Surprisingly, Samuelson (1979) makes no criticism of Solow’s (1957)
paper (or others using the Cobb-Douglas production function) along
these lines.

As has been mentioned above, there is a short note by Simon and Levy
(1963) who considered the cross-industry production function given by
Q = AL'K", but supposed the true underlying production function was
the simple accounting identity Q = wL + rK. Expanding the Cobb-Douglas
function using a Taylor-series expansion, they show that the value of a
in the multiplicative function given by the Cobb-Douglas function is
given by a = wL/Q when evaluated at the means of the linear function.
They conclude, similarly to Phelps Brown, that: “Thus, the existence of
a fitted Cobb-Douglas function with a value of [a] in agreement with
the actual [a] does not imply that the underlying production function
is truly Cobb-Douglas. In fact, we expect this agreement when the true
function is given by [the linear accounting identity]” (Simon and Levy
(1963, p. 94, emphasis in the original)®.

The equivalence between the accounting identity and the Cobb-Doug-

4 Henceforth, for notational simplicity we omit the time (t) and industry (i) subscripts.
* An alternative method is to use the approximation In(Xi/Y) ~ (X,/})—l where Xis the
small deviation from its mean X.
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las may be best illustrated by Figure 1, where the linear accounting identity
is depicted by the line ab. It is assumed, for expositional purposes, that
the capital-labour ratio varies, but the wage rate and the rate of profit
are constant. The corresponding equivalent Cobb-Douglas function is
given by the curve cd and the point of tangency with the accounting
identity is given by point A. Let us assume that the true relationship
when the capital-labour ratio varies is given by the points along the lin-
ear accounting line ab. If we were to estimate a Cobb-Douglas function
using these data, the best statistical fit would be given by the dotted line
ef, which minimises the sum of the squared residuals.

An interesting question is that given the true relationship is the
accounting identity, what is the size of the error in mistakenly fitting a
Cobb-Douglas function? Following Simon (1979b), the degree of error
in approximating the inter-firm Cobb-Douglas given by the curve cd to
the linear data is given by:

Qv B (ALaK(l—a))

= [11]
Q (WL+rK)

where Q' is the approximate calculated value of output given by the
Cobb-Douglas function and Q is given by the linear accounting identity.
Simon calculated the ratio of Q'/Q over a range where the capital-labour

Figure 1. The Cobb-Douglas approximation to the linear accounting identity

Q/L

K/L
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ratio varies from 5 to 0.2. Simon finds that even with this wide range
of the capital/labour ratio, which is “wider than any encountered in the
literature”, the maximum error is less that 15 per cent, and for realistic
values of the K/L ratio “we can expect average estimating errors of less
than 5 percent” (Simon, 1979b, p. 466).

To summarise: The value of the output of the Cobb-Douglas and the
(correct) linear accounting identity are identical at their point of tan-
gency (A in Figure 1). But even though when we depart from this, the
divergence in the actual and predicted value is extremely small. This is
true when the erroneous Cobb-Douglas relationship is estimated using
these data which give the best statistical fit (the dotted line given by ef).

4. ON SOLOW’S (1957) “TECHNICAL CHANGE AND THE AGGREGATE
PRODUCTION FUNCTION”

As has been noted, an important paper that purported to show the em-
pirical relevance of the Cobb-Douglas aggregate production function
was that of Solow (1957). However, it will be shown that the analysis
is far from convincing. Solow assumes output is given by an aggre-
gate production function, with neutral technical change, specified as
Q = A(t) f(L,K), with the usual notation.

The two variables, Q and K, measured in constant prices, are seen
implicitly as good proxies for their physical magnitudes, although, in
view of the above discussion and the argument below, this presents major
problems for Solow’s argument. Solow’s analysis begins by expressing
the above equation in annual growth rates and he crucially assumes
that the marginal productivity conditions hold (and, hence, there are
constant returns to scale). This gives the Cobb-Douglas production
function expressed in terms of growth rates as:

~

Q=A+al+(1-a)K [12]¢

or, alternatively,

% We use exponential growth rates while, Solow uses AA/A=(A, — A._,)/ A, This makes little
difference to the analysis.
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A+(1-a)k [13]

q
where g is the growth of labour productivity (Q/L or g) and k is the
growth of the capital-labour ratio (K/L or k).

The coefhicient (1 — a) is taken to be the value of the annual share of
capital in output. Solow’s data are the various components of US private
non-farm GDP from 1909 to 1942, taken from a variety of sources.

From equation [13], the annual rate of supposed technical progress
is calculated as:

A=q-(1-a)k [14]

Given data for Q (1 - a), Kand L, Solow calculates the annual growth
rate A for the U.S. from 1909 to 1949.” The annual rate of putative tech-
nical change A is shown in Solow’s Chart 2 (1957, p. 314). Solow notes
from this that the annual growth rate of technical change A, is “essentially
constant over time, exhibiting more or less random fluctuation about a
fixed mean” (p. 316). Solow also calculates the series for the levels of A
using A, = A, | +AA, / A, and setting A, equal to unity.

Hence, Solow “corrects” Q/L (or g) for the impact of technical change
to give g/A. Using these time-series data, Solow estimates a number
of different functional forms, with the Cobb-Douglas and the semi-
logarithmic specification, performing the best. The estimates of the
Cobb-Douglas are:

nd= —078 +0353Ink R>=0.977
(—261.33) (122.70)

This is the estimate of Solow’s (1957, p. 318) equation [4d], using
Hogan’s corrected data. It goes without saying that the goodness of fit
is remarkably close, especially as this is supposed to be such a complex
concept as an aggregate production function.

7 There is an error in Solow’s data for the years 1943-1949, which Solow excludes from his
statistical analysis. (See Hogan, 1958, on this). Hogan'’s corrected values were included for
this period in the data set. The rate of unemployment is used to adjust the capital-labour
ratio for changes in capacity utilisation, but this makes little difference to the argument.
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The mean value of capital’s annual shares, (1 - a), is 0.341 with a
standard deviation of 0.0174, but as Solow admits, the closeness of this
to the estimated coeflicient of Ink cannot be taken to confirm, or rather
not to refute, the marginal productivity theory of factor pricing. The
usual well-known neoclassical argument is that if the freely estimated
output elasticities are not statistically significantly different from the
factor shares, this demonstrates that factors are paid their marginal
products. But in this case, the values of capital’s share have been used
in the calculation of equation [14].

5. HOGAN (1958) AND SHAIKH (1974) RAISE SOME IMPORTANT
QUESTIONS

An early important, but largely overlooked comment, was that of Hogan
(1958). Hogan started from Solow’s premise that the theory underlying
Solow’s analysis was an aggregate production function.

However, Hogan noted that as the annual values of A are calculated
by Solow as g —(1—a)k, the equation will give an exact result for any
particular year. A R

If we integrate the growth rate equation g=A+(1—-a)k , we get
q =c,Ak"™® where ¢, is again the constant of integration. As Hogan
(1958, p. 410) points out “There is no room for error so long as (1 - a)
is constant.”

The implications are that:

In the first place the estimate of “technical progress” seems to be of little value
as it incorporates the effects of any occurrence, whether chance or otherwise,
upsetting a relationship between capital and output. And this relationship
is determined solely by the share of income accruing to the capital stock.
Secondly, the close fit of the data stems from the nature of the model itself
(Hogan, 1958, p. 410, excluding a footnote).

Hogan (1958, p. 410) considers that “this production function does
not appear to have any real meaning”. The reason is that it is simply an
identity. Solow (1958, p. 411) in his reply merely states that “I don’t want
to argue here the case for and against aggregate production functions
(with or without marginal productivity)”, but it is clear Solow’s exercise
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assumes an aggregate production function, as he admits. Solow con-
cedes that his method is tautological “but not all tautology is bad”. This
seemingly oxymoron may be explained as follows. Equation [14] is, by
definition, a tautology for a single value of a growth rate of A calculated
between two different points in time. (This is annual data in Solow’s case,
but the initial and terminal years could be further apart.)

Consequently, it is possible to calculate the rate of “technical progress”
using any pair of observations, no matter how far apart in time. This is
because the (average) share of capital is by definition constant over the
period of calculation. But Solow points out that the annual values of
the share of profits are not precisely constant over time, although they
are almost so, ranging from 0.312 to 0.397.

Thus, the data must give a very close fit to Solow’s supposed
Cobb-Douglas production function. Nevertheless, it is theoretically
possible for the estimate of the capital’s share to fluctuate annually to
such an extent that the regression gives a very poor statistical fit. Hence,
although a tautology for each year, it may not be when several years are
used in a regression. According to this argument, the latter does tell us
something empirical about the rate of technical progress. In Solow’s
case, as has been seen, the share of profits is almost a constant so the
regression is presumably of a near, or a “good”, identity.

Shaikh (1974), as was noted above, made an important contribution
to this critique by confirming empirically, and somewhat dramatically,
that the estimates of the Cobb-Douglas production function are nothing
more than those of the transformation of an accounting identity, as has
been seen above.

The accounting identity may be expressed in growth rate form as:

g=aw+(1-a)yr+(1-a)k [15]

A comparison with equation [13] shows that the rate of “technical
progress” is definitionally equal to the sum of the growth of the wage rate
and the rate of profit. Equations [12] and [13] are simply the accounting,
or distributional, identity expressed in growth rates.

Thus, the analysis can tell us nothing about the underlying techno-
logical structure of the economy. Moreover, this explains why estimates
of the productions function give what may be seen as close statistical
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fits even though aggregation problems suggest that they do not actually
exist. See Fisher (1992), inter alios.

Shaikh (1974) also provides an important illustration about the
problems with Solow’s approach. He constructs a hypothetical data set
where the output-input data (the relationship between g and k) when
plotted on a graph spells out the word HUMBUG.

The value of capital’s share is the same as in Solow’s analysis and, as
has been seen, nearly constant. Following Solow’s procedure, Shaikh
(1974, p. 118) finds that estimating a putative Cobb-Douglas production
function gives, not surprisingly in the light of the accounting critique,
a very close statistical fit to his HUMBUG data®

ln% —_0.453+034Ink R =0.9964

As Shaikh puts it: “Humbug data can be extremely well represented
by a Cobb-Douglas production function having constant returns to
scale, neutral technical progress, and marginal products equal to factor
rewards” (Shaikh, 1974, p. 118).

6. SOLOW (1974) STRIKES BACK

Solow’s one-page rejoinder is similar to his riposte to Hogan (1958),
but far more polemical. He starts: “Mr Shaikh’s article is based on mis-
conceptions pure and simple” (Solow, 1974, p.121). Reflecting his reply
to Hogan, Solow argues that his analysis was in no sense a test of the
aggregate production function or of the marginal productivity theory.
According to Solow, the only purpose of his paper was to confirm that
if the share of capital was roughly constant over time, the result must be
a well-determined Cobb-Douglas aggregate production function. It was
also a method to estimate the rate of technical change. But whether or
not this is the case can be seen from the variation in the annual data for
capital’s share. There is little point in estimating the tautological equation

8 Shaikh does not report the usual diagnostic statistics such as the t-values of the estimated
coefficients.
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used by Solow. Although it has been argued that the calculated path
of “technical progress” over the period is not without interest, Solow
nowhere mentions that this simply must equal weighted growth of the
wage rate and the rate of profit.

Solow (1974) cites Fisher’s (1971) simulation paper (although this
hardly supports Solow’s argument), as ironically does Shaikh (1974, p.
116). Fisher constructed a simulation exercise where the conditions for
successful aggregation were violated, but found that the Cobb-Douglas
production function gave a good fit to the data. He concluded that this
was because the factor shares were constant and later conceded the ex-
planation was due the underlying accounting identity. In other words, it
is the constancy of the factor shares that gave rise to the Cobb-Douglas
production function and not vice versa.

Solow’s putative coup de grice was that when Shaikh’s data are used
to estimate the Cobb-Douglas production function with a linear time
trend instead of A, although, as already noted, the latter fluctuates cy-
clically around a trend, there is no statistically significant relationship.
The results reported by Solow (1974) using Shaikh’s HUMBUG data are:

Ing = —0.14090+ 0.00532¢ —0.3307Ink  R*=0.0052
(0.52072) (0.01246) (0.76098)

where the figures in brackets are the standard errors.

Consequently, there is no statistically significant relationship using
the Humbug data. According to Solow (1974, p. 121), “If this were the
typical outcome with real data we would not now be having this dis-
cussion. The humbug seems to be on the other foot”. He thus dismisses
Shaikh’s critique out of hand.

However, Solow surprisingly omitted to estimate (or report) the same
specification using the US “real world” data that he used in Solow (1957).
When this is done, the results are (where the t-values are in parentheses):

Ing=—-0.435+0.019t—0.081lnk R =0.971
(-9.01) (32.07) (~1.46)

According to this regression result, the use of Solow’s data comprehen-
sively refutes the hypothesis that the equation gives a good statistical fit
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to the relationship between Ing and Ink. But this also raises the question,
so why are we getting these seemingly perverse results for estimating a
putative identity?

Of course, according to Solow there is nothing in neoclassical theory
that stipulates technical progress (i.e., the growth of the wage rate and
rate of profit weighted by their factor share) occurs at a constant rate, as
Solow’s (1957, Chart 2, p. 314) confirms. So both the above regressions
of the identity are misspecified. As already noted, studies suggest that the
weighted growth of the wage rate and the rate of profit varies procycli-
cally with output [as does Solow’s (1957) estimate of A]. Consequently,
using a linear, rather than a more complex, time trend explains why the
identity results break down.

As Shaikh (1980) and others have shown, it is always possible to
find a sufficiently complex time trend that closely proxies the weighted
growth of wages and the rate of profit and ensures that the data will give
a perfect fit to the production function, or rather the identity. On whose
foot the humbug is on is very much a moot point.

7.SOLOW HAS SECOND (OR FURTHER) THOUGHTS

Solow (1987) returned to a consideration of the accounting critique, and
especially Shaikh’s (1974; 1980) expositions of it. Solow presented some
new arguments that Shaikh’s analysis was flawed (McCombie, 2001).
The reason was that although Shaikh’s argument was directed at the
supposed “aggregate production function” estimated using value data,
according to Solow, the analysis could be applied “word for word” to
the estimation of a micro-production function. This latter is assumed to
have a single physical output and well-defined inputs of different types
of labour and individual physical capital goods. We also are assumed
to know separately the individual prices for the physical outputs and
inputs. As was noted above, these assumptions are rather implausible,
even for the simplest of micro-production functions, which would, in
practice, normally use value data.

Solow (1987, p. 19) remarks that “In this case, the Shaikh argument
asserts something truly remarkable”, so much that it turns out to be
“simply wrong”.
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The first thing I want to point out is that it is not an argument about ag-
gregate production functions, but about [micro] production functions. It
is, of course, the habit of estimating and interpreting aggregate production
functions that Shaikh is attacking; but the argument would apply word
for word if [Q*] were a single physically well defined output and [L*] and [K*]
were an exhaustive list of physically well-defined inputs with [P;] and [Px]
their prices in output units. In this case the Shaikh arguments assert some-
thing truly remarkable (Solow, 1987, p. 19)°.

In order to demonstrate this, Solow first repeats the accounting
critique using value data. As discussed above, this is that the identity,
where, with the usual notation, Q = wL +rK, is formally equivalent to
InQ=[alnw+(1—-a)lnr]+alnL+(1-a)lnK = A#)L'K".°Or to put
this another way, the use of value data must give a near perfect fit to the
Cobb-Douglas function, not because it reflects the underlying technol-
ogy, but because it is merely estimating a transformation of the linear
accounting identity.

It will be recalled that the linear and the power (Cobb-Douglas)
functional forms of the identity are exactly equivalent at the point of
evaluation. If we are using time-series data and factor shares change
with time, as will be seen below, a more flexible function form for the
linear identity will need to be used. Nevertheless, the central tenet of
Shaikh’s critique, as has been demonstrated, is that with value data,
Solow’s specification of the Cobb-Douglas function is merely estimating
an underlying identity and says nothing about the “laws of production”
and the technology.

Let us consider next Solow’s analysis when physical data are used in
the case of a micro-production function. In this case, Solow is correct
in that the estimation is of the underlying technology and this is not
subject to the accounting identity critique. To demonstrate this, as not-
ed above, the strong assumption is necessarily made that there is only

9 Solow uses the notation of p, u, g, v, x instead of w, L, r, K and Q. The reason is that Solow
(1987, p. 18) does “not want you to be worrying about things like the meaning of ‘capital’
or‘labour’for that matter, because the argument does not involve such issues in any way"”.
We find, however, that his notation merely obscures the argument.

19 For expositional ease, the constant of integration is ignored.
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one homogeneous physical output, Q*, and this is measured as, say,
the number of “widgets”. The physical capital good, K*, is measured as the
number of “leets” and L*is the number of identical workers. The star on
the variable indicates that it is measured in physical terms. (L is equal
to L*as it is, say, the number of workers.)

A micro-production function can be estimated using only these phys-
ical measures, i.e., Q = f(L' ,K ). This is immune from the accounting
identity critique, which only holds for the use of value data''. But to be
consistent, the specification of the physical production function should
only include physical magnitudes.

However, we have no a priori idea as to what are the values of the co-
efficients of the physical micro-production function or, indeed, whether
or not they are statistically significant. We need to statistically estimate
the micro-production function. However, pace Solow, this provides no
support for the argument that only using value, and not physical, data
is merely picking up an accounting identity is erroneous.

So how is it that Solow, on the contrary, states that Shaikh’s argument
holds also for the use of physical data and therefore cannot be meaningful?

The argument is that the accounting identity using the physical terms
is now given by p,Q = p, L' + p K . po, p; and py are the monetary
price of a widget, the wage rate and the rental price of capital. Solow
takes p,, as the numeraire and so it is equal to unity. Consequently, the
accounting identity becomes Q =P, L’ + P.LK  where P, and Py are
the price of labour and the price of homogeneous physical capital (leets),
both measured in terms of units of physical output.

Let us next consider what Solow considers to be Shaikh’s mistake.
Solow’s argument is couched in terms of physical data, but, as noted
above, where we also have the individual prices.

Differentiating and then integrating Q = P,L + P, K  gives:

Q =P'PIILK ™Y [16]'2

1" However, as Solow notes, a physical production function should be specified as having a
list of different physical capital goods, as these cannot be aggregated into a single magni-
tude. This means it is problematic as to whether a micro-production function can ever be
specified in physical terms. However, we shall ignore this problem, important though it is.

12 The constant of integration is again ignored for expositional ease.
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where 0 equals labour’s share of the physical output and (1 - ) is cap-
ital’s share.

From the above, the expression P’ P~ equals Q'L ™K ™"~ Substitut-
ing these expressions into the equation [16], Solow (1987, p. 20) obtains:

. Q — -
¢ E(WJ”K O = f(LLK) [17]

Solow argues that this is essentially Shaikh’s argument, but using
physical values for output and capital rather than constant price values.
Estimating Q" = P'PY"L'°K"*"% “with any reasonable flexible function
of time is bound to give back a Cobb-Douglas function whose elasticities
mimic the observed relative shares” (Solow, 1987, p. 19).

Solow (1987, p.20) argues from equation [17] that “What Shaikh
has discovered, in other words, is that any production function can
be written as the product of a Cobb-Douglas and something else; the
something else is the production function divided by the Cobb-Douglas”
The implication of Solow’s argument seems to be that “the something
else” is as yet some undefined unique production function specified in
physical terms.

But Shaikh’s (1974; 1980) argument concerning the identity is couched
in terms of the use of value data, which is used universally in the esti-
mation of “production functions” This makes a great deal of difference
to the interpretation of the argument.

The estimation of the micro-production function uses a unique set
of physical data, namely, Q¥ L*and K*. The accounting identity of the
micro-production function can be expressed as pQ =p,L +pK or
equivalentlyas Q =P L +P K and is simply a distributional relation-
ship. There are numerous combinations of prices in terms of output that
satisfy this equation, but the economist in practice only knows the data
with one set of prices.

In other words, Q equals p,Q* or output measured in constant-price
monetary terms, K equals the cumulation of net gross fixed capital over
time, or the constant-price of the value of capital stock. Our economist
knows only the constant price value of output and capital, not their
physical magnitudes.

Following Solow’s reasoning above, but using value data, the com-
parable equation obtained is:
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Q

(%JL“K““) = f(w,r,L,K) [18]

The interpretation of equation [18] is that the accounting identity ex-
pressed in value terms as a Cobb Douglas is tautologically equal to itself,
multiplied by L' K" and divided by L' K. In other words, with this
procedure of Solow, Shaikh’s argument has merely shown that the unique
identity in value terms simply equals the identity given by the account-
ing identity in value terms. It follows that equation [18] Q = f(w,r,L,K)
is simply the accounting identity when value data are used. If a sup-
posed aggregate production function is estimated using constant-price
monetary values, as do all empirical estimations, Shaikh’s analysis is
correct. All that Solow’s (1957) specification of the aggregate production
function is of an accounting identity measured in monetary terms.

But Shaikh’s argument does not apply when only physical data are
used in estimating a micro-production function. Consequently, Solow’s
argument that Shaikh’s critique does apply is erroneous. Shaikh’s analysis
would only apply if p,Q*, p,L* and pxK* were included in the regression
instead of Q*, L*and K*. But the estimation of physical production func-
tion should only use Q*, L* and K* as the relevant variables, which Solow
assumes to be known. Prices should not be included in the estimation of
a physical micro-production function. Consequently, Shaikh’s criticism
does not apply to the estimation of micro-production functions using
only physical data, pace Solow".

8.50LOW AND GROWTH ACCOUNTING

From his data and estimations, Solow (1957, p. 320) also argued that
“Gross output per man hour doubled over the interval, with 87%: per cent
of the increase attributable to technical change and the remaining 12%
per cent to increased use of capital”. In his Nobel Prize lecture, Solow

13 There should be no measure of “technical progress” when physical data are used, due
to the law of the conservation of matter. It merely represents measurement error of one
or more of the physical variables or a reduction in the lack of efficiency in the so-called
micro-production function.
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(1988, p. 313) found these results “startling”. He continued; “I think I had
expected to find a larger role for straightforward capital accumulation,
than I actually found”

However, If Kaldor’s stylised fact that the rate of growth of output is
approximately equal to the growth of capital is used, the accounting iden-
tity may be expressed in growth rates as A =aw +(1—a)r =aq. Given
that labour’s share is about 0.75, this implies that that the rate of technical
progress (or more accurately the weighted growth of the real wage rate
and the rate of profit) accounts for about three-quarters of productivity
growth. This result is simply due to the accounting identity. This also
explains Solow’s similar startling results mentioned above; but the only
surprising thing is that anybody should find them surprising. Moreover,
Solow must have been fully aware from the interchanges with Hogan
(1958) and Shaikh (1974) that the rate of technical change was defini-
tionally equal to the weighted growth of the wage rate and the rate of
profit. However, this was never prominently mentioned by Solow.

9. ON THE CES “AGGREGATE PRODUCTION FUNCTION”

If time-series data are used and factor shares are changing, then the
Cobb-Douglas will not necessarily give the best statistical fit. Arrow et
al. (1961) found that using time-series country data and regressing InQ/L
on Inw, the estimated coefficient was significantly less than unity. As a
result of this, Arrow et al. (1961), by using the marginal productivity
condition, derived a more flexible function, namely the Constant Elas-
ticity of Substitution (CEs) production function. This is also subject to
the accounting critique (Felipe and McCombie, 2001).
The cEs is now generally specified with biased technical change as:
1

Q=Cla,(A,L)* +(1—a,)(AK) ™) ° [19]

where a, and (1 - a,) are the shares of labour and capital in the base, or
some other particular year. In this specification A; and A are (mislead-
ingly) interpretated as labour-saving and capital-saving technical change.
C is a constant. The “elasticity of substitution” is given by o = 1/ (1+p).
The question arises as to how is this merely a transformation of the
accounting identity? At time t = t', Q = wL + 7K not only definitionally
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equals equation [18], but the latter is derived from it under certain as-
sumptions as t varies.

If the orthodox approach is followed, but it is assumed that A, = w
and Ay = r and UHopital’s rule is used for equation [19], the following
result is obtained that when p— 0:

a, (1-a,) ra, 1(1-a,)
Q =Cw/r, LK, [20]

In other words, over time the factor shares are changing and so the
CES as a single equation may give a better approximation in determining
the level of output than the Cobb-Douglas. But at any particular time
t, the Cobb-Douglas also gives a good approximation. And as has been
seen, at any time the correct relationship is the linear accounting identity
with factor shares equal to a, and (1 - g,), or at the risk of repetition,
givenby Q, =w,L, +rK,.

One way of demonstrating the correspondence between these three
different functional forms without using the marginal productivity
condition, or assuming that an underlying production function exists,
is simply to use a Box-Cox mathematical transformation (Felipe and
McCombie, 2011, pp. 285-286.) It should be emphasised that this makes
no economic assumptions.

The Box-Cox is given by the following transformations:

X"-1
n

If the equation does not have an intercept then this becomes
X" =x" / 1. This is sometimes termed the Tukey transformation.

X(Tl) —

whenn #0 [21a]

X" =1n(X) whenn — 0 [21Db]
X" =X whenn=1 [21c]

The fundamental equation is given by the accounting identity, namely,
Q=wL+7rK.

Alternatively, Q" =c+b,L" +b,K" will give the linear accounting
identity when n = 1 and there is no intercept.

The specification using the transformation [21b] is the Cobb-Douglas
expressed as Q = c(wL)* (rK )4 at the point where it is tangential to the
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linear accounting identity. This is given by the transformation [21b] (see
also Simon and Levy, 1963).
The specification using the transformation [21a] is:

Q" =c(b,(wL)" +b,(rK)") [22]

which, when 1 equals —p is equal to the CEs specification of the account-
ing identity, namely:

Q=cla,(A,L)" + (l—ao)(ALL)‘p)_% [23]

where b, = ayand b, = (1 - a,). It can be seen that A, and Ay, interpreted
in equation [19] as the rate of labour and capital-augmenting technical
change, are simply the wage rate and the rate of profit.

And using UHopital’s rule again, it is found that:

Q=c(wL)" (rK)"™ [24]

For an analysis that gives similar results see Simon (1979b, Section
V, pp. 466-467) which refers to the interfirm cgs. This uses a different
method to show how the cEs is nothing more than a special case of the
accounting identity. Simon shows that as p goes to zero, the CEs function
goes to the Cobb-Douglas. Simon (1979b, p. 467) concludes:

Thus, for the [cEs] function as for the Cobb-Douglas function, the fact that
the observed labor and capital shares are close to the values required by the
theory is readily explained as an artifact, without the need for marginalist
assumptions; the alternative assumption is simply that the data being fitted
really represent the relation [given by the accounting identity].

In Section VI of his paper Simon (1979b) considers the case of time-se-
ries data, although he introduces the assumption that there is a constant
capital-output ratio. He derives a less general analysis to the one in this
paper, but nevertheless confirms that all that the Cobb-Douglas and the
CEs function are merely reflecting the underlying accounting identity.

McCombie and Dixon (1991) present some empirical results con-
firming this. They considered the estimates of Whiteman (1988), who
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used the dual of translog production function to estimate the supposed
rate of growth of labour and capital efficiency, namely, A, and A, . The
accounting identity implies that A, and A, should equal w and r, re-
spectively, and this is what McCombie and Dixon found empirically. The
results showed that growth of labour efficiency was 3.78% per annum
(with a t-statistic of 11.29) while the growth of the real wage from the
estimation of a linear time trend was 3.76 % per annum with a t-statistic
of 55.26. The rate of growth of capital efficiency was 0.78 % per annum
(t-statistic 2.30) and the growth of the rate of profit was 0.78 % per an-
num (t-statistic of 8.59). These results suggest that the estimates of the
translog production function were merely capturing the transformation
of the accounting identity.

Whiteman also reported similar results for 34 manufacturing indus-
tries. In all cases there was no significant difference between the growth
of labour efficiency, A, , and the growth of the real wage. The growth of
capital efficiency, A, and the growth of the rate of profit were also very
similar. But the accounting critique would lead us to expect this result,
a priori.

10. SOME FURTHER SIMULATION RESULTS SHOWING WHY THE
COBB-DOUGLAS GIVES SUCH GOOD STATISTICAL FITS

McCombie (2001) and in a related paper, Felipe and McCombie (2006),
used some simple simulated data and regression analysis to demonstrate
the crucial difference between using physical and value data. The exam-
ple used here is taken from Felipe and McCombie (2006, pp. 290-292).

The simulated physical data was given for 10 firms and used in the
cross-industry Cobb-Douglas production function:

Q AL'K"? [25]

where A for each firm was taken to be unity, and K = Q/""*' L") 14 The
parameters o and (1 - o) took the values 0.25 and 0.75, so the actual

14 Strictly speaking, there are problems with this physical specification noted above. Nev-
ertheless, it is useful for expositional purposes.
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production function was Q = AL’*K"”. The values 0.25 and 0.75 were
deliberately chosen to be in marked contradistinction to the usual values
of 0.75 and 0.25 that are found empirically in, for example, the National
Income and Product Accounts.

For value data, a simple mark-up model was used given by:

=( W—L) 26]'
p (+7c)[Q [26]

where p is the price of a unit of physical output and 7 is the markup and
takes a value of 1/3. This gives labour’s share as a = (WL/ pQ) =0.75and
capital’s share as 0.25. The value of capital is given by K = (pQ —wL) / r,
where r was taken to be 0.10. The markup theory of pricing has received
considerable empirical support ever since the pioneering study of Hall
and Hitch (1939). This is summarized in Wilson and Andrews (1951).
See also Coutts and Norman (2013) for a survey of the literature.

The data for the physical magnitudes given by Q and L were used in the
construction of the value data which was used in the estimation. It should
be noted that a small random error term was added to the data where
it is necessary to prevent per multicollinearity. Using the constant-price
value data to estimate the cross-firm production function gives the results:

—2

InQ= 2.867 +0.750InL+025InK R =0.999
(478.77) (136.40)  (45.41)

This gives a remarkably close fit to the Cobb-Douglas production
function, which is not surprising given the method used to construct
the data. The fact that the estimated coefficients equal the factor shares
does not mean factors are paid their marginal products. The “true” output
elasticities given by the use of physical data are 0.25 (and not 0.75) for
labour and 0.75 (and not 0.25) for capital. However, when value data
are used, and the data constructed using mark-up pricing, the values
are 0.75 and 0.25.

'* More generally, it is given by p =(1+)(wL + mM)/Q where m s the price of materials and
M the volume of materials.
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If there are true increasing returns to scale and physical data, when
the value measures are calculated using a constant mark-up as above, we
still obtain estimates of the output elasticities equal to their factor shares.
It is the size of the mark-up that is solely responsible for generating the
spurious results of the output elasticities when the Cobb-Douglas is
estimated using value data.

A subsequent exercise generated the production function using the
physical series that were random variables. In other words, there was
no well-defined underlying production function in physical terms. The
values for the output and capital stock in monetary terms were generated
as before using the markup. The estimation using the value data again
gave a very good fit to the Cobb-Douglas with the resulting values of
the “output elasticities” of labour and capital as 0.75 and 0.25. The use of the
“true” physical data, per se, gave a statistically insignificant relationship.
This does not mean to say that output is actually a random function of
the inputs. It may simply be due to the fact that any production function
with many different types of physical inputs are much more complex than
the simple Cobb-Douglas. Thus, the seeming randomness of the inputs
may simply be a reflection of the severe error inherent in the specification
of the micro-production function as a Cobb-Douglas.

However, it is important to note that even when there is no well-de-
fined firm production function, as in this example, the use of value added
data and a constant price value for capital will give the impression that
a well-behaved aggregate Cobb-Douglas production exists, which could
not be further from the truth.

McCombie (2001) and Felipe and McCombie (2006) extend the
analysis to consider time-series estimations of the Cobb-Douglas with
technical change, and increasing returns to scale. This made no dif-
ference to the estimated outcomes. As we have noted, Fisher (1971, p.
325), at the conclusion of his simulation study where the Cobb-Douglas
production theoretically should not have existed but nevertheless gave a
good fit to his simulation data, stated that it was caused by factor shares
being constant. It was not that the production function gave rise to the
constant shares.

The results here suggest that one answer lies in the constancy of the
firm’s mar-kup. Likewise, if the mark-up and hence labour’s share changes
over time, because of deregulation of labour markets, globalization and
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increased competition from abroad, this may be the reason why the cEs
provides a better approximation to the data than the Cobb-Douglas.
But this has absolutely nothing to do with the existence of an aggregate
production function.

Finally, Felipe, McCombie, and Mehta (2024) have updated and extend-
ed this work. Using simulated data from a cross-sectional Cobb-Douglas
production function in physical terms from which they generate the
corresponding series in monetary values, they show that the coefficients
of labour and capital derived from the monetary series are: (a) biased
relative to the elasticities by simultaneity and by the error that results
from proxying physical output and capital with their monetary values;
and (b) biased relative to the factor shares in value added as a result of
a peculiar form of omitted variables bias. They show what these biases
are and conclude that estimates of production functions obtained using
monetary values are likely to be closer to the factor shares than to the
factor elasticities. An alternative simulation that does not assume the ex-
istence of a physical production function confirms that estimates from the
value data series will converge to the factor shares when cross-sectional
variation in the factor prices is small. This is, again, the result of the fact
that the estimated relationship is an approximation to the distributional
accounting identity.

11. CONCLUSIONS

The argument here is that for well over a century a theory that is funda-
mentally flawed has been at the core of one branch of economics, namely
neoclassical macroeconomics.

The aggregate production function which can only be estimated using
value data, in fact reveals nothing about the “laws of production” The
remarkable statistical fits of the aggregate production function are
the result of using value data. The aggregate production function is
nothing more than a mathematical transformation of an accounting
identity. It is this that gives it good statistical fits when value data are
used for output and the capital stock and which has led to the uncritical
use of the aggregate production function for nearly a hundred years.

Douglas (1976, p. 914) summed up the implications of estimating
the aggregate production function as follows. “A considerable body
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of independent work tends to corroborate the original Cobb-Douglas
formula, but, more important, the approximate coincidence of the esti-
mated coeflicients with the actual shares received also strengthens the
competitive theory of distribution and disproves the Marxian”. How-
ever, no such conclusions can be drawn from the statistical estimates
of putative production functions using constant-price value data, even
when used as a proxy for physical data. The critique of the estimation
of the aggregate production functions provides a clear-cut refutation of
Friedman’s (1953) instrumental methodology. This is that the realism
or otherwise of the assumptions of a theory is irrelevant. All that matters
is the statistical goodness of fit and the predictive power of the model.
The estimation of the aggregate production suggests otherwise (see
Felipe and McCombie, 2013, for a general discussion.)

But let us reiterate a word of warning from Fisher (2005) in his pa-
per, “Aggregate Production Functions - A Pervasive but Unpersuasive,
Fairytale”: “I am informed (by Jesus Felipe) that attempts to explain the
impossibility of using aggregate production functions in practice are
often met with great hostility, even outright anger. To that I say (...) that
the moral is: Don’t interfere with fairytales if you want to live happily
ever after”. <
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